Published by Institute of Physics Publishing for SISSA/ISAS Received: January 26, 2005 Accepted: March 9, 2005

Supersymmetric D3-branes in five-form flux

Ali Imaanpur

Department of Physics, School of Sciences, Tarbiat Modares University P.O. Box 14155-4838, Tehran, Iran, and Institute for Studies in Theoretical Physics and Mathematics (IPM) P.O. Box 19395-5531, Tehran, Iran E-mail: aimaanpu(AT)theory.ipm.ac.ir

Abstract: We consider multiple euclidean D3-branes in a specific supergravity solution, which consists of a self-dual 5-form RR field in a flat background. We propose a deformation of N = 4 SYM action describing the dynamics of D3-branes in this background. We look at the supersymmetries of N = 4 SYM theory consistent with those preserved by the background. We derive the Chern-Simons action induced by the RR field, and show that the whole action can be supersymmetrized. This we do by deforming the supersymmetry transformations and using the BRST-like characteristic of the unbroken supercharges.

Keywords: Brane Dynamics in Gauge Theories, AdS-CFT and dS-CFT Correspondence, Supersymmetric Effective Theories.

© SISSA/ISAS 2005 http://jhep.sissa.it/archive/papers/jhep032005030 /jhep032005030 .pdf

Contents

1. Introduction 1

2. The RR field and the Chern-Simons action 2 2.1 Chern-Simons term 4

3. D3-branes action in the RR field 4 3.1 The supersymmetric action 8

4. Remarks and conclusion 10

1. Introduction

AdS/CFT correspondence has provided a duality relation between N = 4 SYM theory on flat 4-dimensional space, on the one hand, and type-IIB string theory in the background of AdS_5 × S^5 supplied with a self-dual 5-form RR field, on the other hand [1]. The RR field strength falls off to zero at the boundary, and hence has no effect on the dual SYM theory. However, recently there have been proposals [2, 3] for the corresponding SYM theory in the presence of a constant RR field, which in turn is shown to induce the nonanticommutativity of the fermionic parameters in superspace [4]–[8]. In the present work, starting from the Chern-Simons action, we would like to directly examine the effect of the background RR field on the dual N = 4 SYM theory. From the bulk point of view this requires having a background in which the RR field survives at the boundary. To survive the field theory limit, however, the RR field should be actually scaled to some large values.

Consider a supergravity solution in which the RR field is due to some distant D-branes. A 5-form RR field would generically have a non-zero energy momentum tensor, and hence has a backreaction on the metric as is the case of usual AdS_5 × S^5 background. Here, we choose a self-dual 5-form in such a way that it has a zero energy momentum tensor and thus take the ten dimensional space time to be flat. This, however, requires to do a Wick rotation and work in euclidean R^4 × R^6, where, multiple euclidean D3-branes are taken to extend along R^4. In the absence of RR field, the action of D3-branes would be the ordinary U(N) N = 4 SYM theory obtained by dimensional reduction. However, when there is an RR field the action gets modified through the Chern-Simons term. For multiple D-branes, i.e., when the gauge group is non-abelian, we use the Myers’ prescription to write down the Chern-Simons part [9, 10]. This provides us with the bosonic part of the Chern-Simons action. We then proceed to supersymmetrize this part making use of the euclidean structure of the supersymmetry algebra. In so doing, we will deform the supersymmetry transformations of N = 4 theory, and use the BRST-like property of the

– 1 – unbroken supercharges. Let us then write down our result for the deformed SYM lagrangian of multiple D3-branes in five-form flux:

L_c = L_{N =4} + α^′ 12g^2 δ^{γδ̄} C_γ¯_{δijk} tr ( ϕ^iD^αϕ^j D_αϕ^k − ϕ^iD_αϕ^jD^αϕ^k + 2iϕ^iϕ^jϕ^kδ^{αβ̄} F_α¯_β + + α^′ 12 δ^{αβ̄} C_α¯_{βmnl}ϕ^mϕ^nϕ^lϕ^iϕ^jϕ^k + + 1 2 ϵ_{αβ}ϕ^i ( λ̄^{βj}[λ̄^α, ϕ^k] + [λ̄^α, ϕ^j ]λ̄^{βk} )) , (1.1)

where C is the background flux, and the spinor fields are written in the representations of the unbroken symmetry group. We will see that the extra terms will break N = 4 supersymmetry of the original action to an N = 1/2 deformed supersymmetry. The whole action, with a reduced chiral supersymmetry, describes the low energy dynamics of multiple D3-branes in the presence of the 5-form RR field. This is what we observe from the boundary point of view. It would be very interesting, though, to examine the dual bulk theory looking for the corresponding supergravity solutions. Note that what we consider here is the deformation induced on the boundary theory. The probe D3-brane actions in the bulk, on the other hand, are studied in supersymmetric type-IIB vacua of AdS_5 × S^5 [11], and gravitational plane wave [12]. Also, the dynamics of D3-branes in Z_3 × Z_3 orbifold with an RR five-form flux has been discussed in [13].

The organization of this paper is as follows. In the next section, we write down the RR field and discuss the supersymmetries it preserves. Then we work out the induced Chern-Simons term. In section 3, we decompose the field content and the supersymmetry transformations of N = 4 theory compatible with the preserved supersymmetries and space-time symmetries. This allows a clear examination of the theory, in particular, suggesting how to supersymmetrize the whole action. Along the way, we will encounter some similar structures to those appeared in [14]. We conclude in section 4, discussing the fixed points of the deformed transformations, as well as the dependence of the partition function on the RR field.

2. The RR field and the Chern-Simons action

To begin with, let us consider multiple euclidean D3-branes embedded in a euclidean ten dimensional space together with a self-dual RR 5-form C. The background will be a solution to the supergravity field equations. We indicate the worldvolume indices by μ, ν, . . . running from 1 to 4. The 6-dimensional subspace has the tangent indices I, J, K, . . . = 5, . . . , 10. Further, we choose the following constant 5-form RR field: C_{μνIJK} = −i 2! · 3! ϵ_{μνρσ} ϵ_{IJKMNL} C^{ρσMNL} , (2.1) with all other components set to zero. Note that in the above formula we have put an extra −i factor as we are considering a euclidean ten dimensional space, so C is necessarily a complex field. C has two indices along the brane, and has been chosen in such a way that it has a zero energy momentum tensor and thus no backreaction on the metric. A simple

– 2 – way to construct such a form field is to choose a complex coordinate along the normal directions, with I = (i,ī) the tangent complex indices. Take C to be holomorphic in these directions, and set C_{12ijk} = C_{34ijk} , (2.2)

with all other components zero, consistent with the self-duality constraint (2.1), where ϵ_{ijk}¯_i¯_j¯_k = i. Another way to get a holomorphic C field is to further require that C to be self-dual along the normal coordinates, namely C_{μνIJK} = −i 3! ϵ_{IJKMNL} C^{MNL} μν . (2.3)

This is a covariant constraint which requires

C_{12}¯_i¯_j¯_k = C_{34}¯_i¯_j¯_k = 0 , (2.4)

without touching (2.2). It is now obviously true that the energy momentum tensor of C vanishes, and hence the ten dimensional background space can be taken to be flat.

Before discussing the Chern-Simons term, let us examine the number of supersymmetries that this configuration preserves by looking at the fermionic field variations in type-IIB supergravity. Firstly, the variation of dilatino vanishes upon taking a constant axion and dilaton fields. Secondly, let η, the supersymmetry parameter be a constant, then the variation of gravitino vanishes if C_{μνijk}Γ^{μνijk} Γ_ρ η = 0 (2.5) C_{μνijk}Γ^{μνijk} Γ_I η = 0 . (2.6) Let us write η = ϵ ⊗ ψ, where ϵ and ψ are four and six dimensional constant spinors, respectively. Using (2.2) and (2.4), it is now easy to see that eqs. (2.5) and (2.6) are satisfied if ϵ is left-handed, and ψ is such that

γ¯_iψ = 0 , (2.7)

where γ_i and γ¯_i are the six dimensional complex gamma matrices obeying

{γ^i, γ^{j̄} } = 2δ^{ij̄} . (2.8)

Eq. (2.7) implies that ψ is a singlet under SU(3) subgroup of SU(4). As C is self-dual along the brane it breaks the tangent SO(4) symmetry group to SU(2)_R. Along the normal directions, on the other hand, it is proportional to ϵ_{ijk}, which is an invariant tensor of SU(3) subgroup of normal SO(6) symmetry group. Therefore, the RR field reduces the symmetry of background as follows,

SU(2)_R × SU(2)_L × SO(6) → SU(2)_R × SU(3) , (2.9)

where it is now clear that ϵ^α and ψ are singlet spinors under SU(2)_R ×SU(3). So altogether we will have two (singlet) supersymmetries left after turning on the C field.

– 3 –

2.1 Chern-Simons term

Turning on a five-form RR field will deform the action of D-branes through the Chern- Simons term. As we have multiple D-branes, we use the Myers’ prescription [9] to work out the bosonic part of this term. Then we proceed to supersymmetrize this part using the two singlet supercharges survived in the background. The Chern-Simons action of multiple D3-branes in a 4-form RR potential A reads

S_{CS} = μ_4 ∫ STr ( P [ e^{iλ iΦiΦ} A ] e^{λF} ) , (2.10)

where μ_4 = 2π g^2(2πl_s)^4

, λ = 2πl^2_s . (2.11)

As the only nonzero components of C are C_{μνIJK} , its gauge field A can have components A_{μIJK} or A_{μνIJ} . Upon expanding (2.10), and symmetrizing the trace the action becomes S_{CS} = λ^3μ_4 3! ϵ^{μνρσ} ∫ tr { A_{μIJK} ( D_ν ϕ^I D_ρϕ^J D_σϕ^K − 3i 2 ϕ^J ϕ^K {D_ν ϕ^I , F_{ρσ}} ) + + 3 2 A_{μνIJ} (D_ρϕ^I D_σϕ^J − iϕ^I ϕ^J F_{ρσ} ) + + 3 2 ϕ^K ∂_K A_{μνIJ} ( D_ρϕ^I D_σϕ^J − i 2 {ϕ^I ϕ^J , F_{ρσ} } )} d^4x , (2.12)

two terms in the second line cancel each other. The remaining terms combine to give the final result S_{CS} = α^′ 12g^2 ϵ^{μνρσ} ∫ C_{μνIJK} tr ( ϕ^I D_ρϕ^J D_σϕ^K − iϕ^I ϕ^J ϕ^K F_{ρσ} ) d^4x , (2.13)

where the five-form RR field strength is C_{μνIJK} = ∂_μA_{νIJK} − ∂_ν A_{μIJK} + ∂_I A_{μνJK} + ∂_J A_{μνKI} + ∂_K A_{μνIJ} . (2.14) Note that the two terms in (2.13), in spite of their appearence, are independent of each other. As expected, the result (2.13) is gauge invariant under the background gauge transformations. So far we have obtained the bosonic part of the Chern-Simons action, what remains is to work out the fermionic part and examine the supersymmetry of the action.

3. D3-branes action in the RR field

Let us start considering N = 4 SYM theory in euclidean space.^1 This theory is to describe the low energy dynamics of euclidean D3-branes in the absence of any background field. Among the four supercharges of this theory, we will be only interested on those which

1For a discussion of the euclidean structure of the lagrangian and its derivation from ten dimensional N = 1 SYM theory look at [15], for instance. The lagrangian that we consider in this paper, however, is obtained by dimensional reduction from euclidean ten dimensional space.

– 4 – are consistent with the supersymmetries preserved by the RR field. Therefore, in the following, we will decompose the lagrangian and the field transformations of N = 4 SYM theory compatible with the global symmetry group, SU(2)_R × SU(3). And then we will proceed to supersymmetrize the Chern-Simons term. First, we start with the lagrangian in euclidean space and decompose it under SU(3). The lagrangian reads L = 1 g^2 tr { 1 2 F_{μν} F^{μν} + D_μϕ_I D^μϕ^I + 2iλ^A D̸λ̄_A − − Σ^I_{AB}ϕ_I {λ^A, λ^B } − Σ̄^{AB}_I ϕ^I {λ̄_A, λ̄_B } − 1 2 [ϕ_I , ϕ_J ]^2 } . (3.1)

Here A, B . . . refer to the SU(4) spin indices, the SU(2) spin indices are implicit and not written. Setting ξ̄^ȧ_A = 0, the supersymmetry transformations become δA_μ = −iλ̄_{ȧA}σ̄^{ȧa}_μ ξ^A_a δϕ^I = −iλ^{aA}Σ^I_{AB}ξ^B_a δλ^A_a = 1 2 F_{μν} (σ^{μν} )^b_a ξ^A_b + i 2 [ϕ_I , ϕ_J ](Σ̄^{IJ} )^A_B ξ^B_a

δλ̄_{ȧA} = −ξ^{aB}σ^μ_{aȧ}D_μϕ_I Σ^I_{AB} , (3.2)

with the following conventions: σ_μ = (σ_i, −i), σ̄_μ = (σ_i, i) , σ_{μν} =^1_2 (σ_μσ̄_ν − σ_νσ̄_μ), and Σ_{IJ} =^1_2 (Σ_IΣ̄_J − Σ_JΣ̄_I ), which are related to the six dimensional gamma matrices

γ^I = ( 0 Σ^I Σ̄I 0 ) , (3.3)

also, F_{μν} = ∂_μA_ν − ∂_ν A_μ + i[A_μ, A_ν ], D_μϕ^I = ∂_μϕ^I + i[A_μ, ϕ^I ]. Note that as we are working in euclidean ten dimensional space, no reality condition can be imposed on spinors λ^A and λ̄_A.

To look at the supersymmetries consistent with those of the background we decompose the spinors as follows [16]. Introduce a constant left-handed spinor θ, which satisfies γ¯_iθ = 0, and the following Fierz identities θθ^† + 1 2 γ^iθ^∗θ^tγ_i = 1 2 (1 − γ_7) (3.4)

θ^∗θ^t + 1 2 γ^īθθ^†γ¯_i = 1 2 (1 + γ_7) . (3.5)

We normalize θ^†θ = 1. As θ is a singlet under SU(3), we have θ^†γ^iγ^{j̄}θ = 2δ^{ij̄} θ^tγ_iγ_j γ_kθ = 2 √ 2ϵ_{ijk} −θ^†γ¯_iγ¯_jγ¯_kθ^∗ = 2 √ 2ϵ¯_i¯_j¯_k .

– 5 –

Correspondingly, the spinor fields are decomposed as

λ^{aA} = θλ^a + 1 2 γ^iθ^∗λ^a_i (3.6) λ̄^ȧ_A = −θ^∗λ̄^ȧ + 1 2 γ^īθλ̄^ȧ_ī , (3.7) where a and ȧ are the four dimensional spinor indices. Note that λ^a and λ^a_i are now a singlet and a triplet under SU(3), respectively. For the supersymmetry parameter of gauge theory to be consistent with that of background, on the other hand, we are to set ξ^A_a = θε_a , ξ̄^ȧ_A = 0 . (3.8) Let us therefore write the lagrangian in terms of representations of SU(3): L = 1 g^2 tr { 1 2 F_{μν} F^{μν} + D_μϕ_I D^μϕ^I − 1 2 [ϕ_I , ϕ_J ]^2 − 2iλ D̸λ̄ − iλ_i D̸λ̄^i − − 2ϕ^i{λ, λ_i} + 2ϕ^ī{λ̄, λ̄¯_i} − √ 2 2 ϵ_{ijk}ϕ^i{λ̄^j , λ̄^k} + √ 2 2 ϵ¯_i¯_j¯_kϕ^ī{λ^{j̄} , λ^{k̄}} } . (3.9)

For the supersymmetry transformations we will get δA_μ = iεσ_μλ̄ δϕ_i = iελ_i , δϕ¯_i = 0 δλ_a = 1 2 F_{μν} (σ^{μν} )^b_a ε_b + i[ϕ_i, ϕ^i]ε_a δλ_{ai} = − √ 2iϵ_{ijk}[ϕ^j , ϕ^k]ε_a δλ̄_ȧ = 0 δλ̄_ȧ¯_i = −2ε^aσ^μ_{aȧ}D_μϕ¯_i . (3.10) Recall that the RR field reduced the symmetry of the background to SU(2)_R × SU(3).

So far we have decomposed the field content in terms of representations of SU(3). In the next step we are going to look at the transformation properties of the fields under SU(2)_R. The supersymmetry parameter ε^a is a doublet under SU(2)_L, however, this symmetry is broken and under SU(2)_R each component transforms as a singlet, hence let us set ϵ = ε^1 , ε^2 = 0 , (3.11) the transformations (3.10) then become δA^μ = iϵσ^μ_{1ȧ}λ̄^ȧ δϕ_i = iϵλ_{1i} , δϕ¯_i = 0 δλ_1 = 1 2 F_{μν} (σ^{μν} )^2_1 ϵ

δλ_2 = 1 2 F_{μν} (σ^{μν} )^2_2 ϵ + i[ϕ_i, ϕ^i]ϵ δλ_{2i} = − √ 2iϵ_{ijk}[ϕ^j , ϕ^k]ϵ , δλ_{1i} = 0 δλ̄_ȧ = 0 δλ̄_ȧ¯_i = −2ϵσ^μ_{1ȧ}D_μϕ¯_i . (3.12)

– 6 –

Similarly, let η = ε^2, ε^1 = 0, the second part of (3.10) reads δ̃A^μ = iησ^μ_{2ȧ}λ̄^ȧ δ̃ϕ_i = iηλ_{2i} , δ̃ϕ_ī = 0

δ̃λ_1 = −1 2 F_{μν} (σ^{μν} )^1_1 η − i[ϕ_i, ϕ^i]η

δ̃λ_2 = −1 2 F_{μν} (σ^{μν} )^1_2 η δ̃λ_{1i} = √ 2iϵ_{ijk}[ϕ^j , ϕ^k]η , δ̃λ_{2i} = 0 δ̃λ̄_ȧ = 0 δ̃λ̄_{ȧī} = −2ησ^μ_{2ȧ}D_μϕ_ī . (3.13)

The above field transformations become more transparent if we write them in complex coordinates along the brane with μ = (α, ᾱ). Consider the following one-form:

δA = δA_μdx^μ = iϵσ_{μ1ȧ}λ̄^ȧdx^μ = iϵ(λ̄^{˙2}dz̄ + λ̄^{˙1}dw̄) ≡ iϵλ̄_ᾱdz^ᾱ , (3.14)

hence we can think of λ̄^{˙2} and λ̄^{˙1} as complex components of a one-form and set

−λ̄_{˙1} = λ̄^{˙2} = λ̄_{z̄} , λ̄_{˙2} = λ̄^{˙1} = λ̄_{w̄} . (3.15)

Also we have

∂_α = σ^μ_{1ȧ}∂_μ (3.16) ∂_ᾱ = −ϵ^{ȧḃ}σ^μ_{2ȧ}∂_μ . (3.17)

Note that there is no λ̄^ᾱ. Further define λ ≡ λ_1 = −λ^2, ψ ≡ λ_2 = λ^1, and λ¯_i ≡ λ_1¯_i, ψ¯_i ≡ λ_2¯_i, the lagrangian (3.9) now reads

L = 1 g^2 tr { 1 2 F_{μν} F^{μν} + D_μϕ_I D^μϕ^I − 1 2 [ϕ_I , ϕ_J ]^2 − 2iψD_αλ̄^α + 2iϵ_{αβ} λD^αλ̄^β − iψ_iD_αλ̄^{αi} + iϵ_{αβ} λ_iD^αλ̄^{βi} − 2ϕ^i{ψ, λ_i} + 2ϕ^i{λ, ψ_i} + + √ 2ϵ¯_i¯_j¯_kϕ^ī{ψ^{j̄} , λ^{k̄}} − 2ϵ_{αβ} ϕ_i{λ̄^α, λ̄^{βi}} + √ 2 2 ϵ_{αβ} ϵ_{ijk}ϕ^i{λ̄^{αj} , λ̄^{βk}} } , (3.18)

here we have defined ϵ_{zw} = ϵ^{zw} = −(σ^{zw})^2_1 = 1. For the supersymmetry transformations, if we set δ = iϵQ , δ̃ = iηQ̃ , (3.19)

– 7 – then (3.12) and (3.13) are compactly written as

Field Q Q̃ ψ H + [ϕ_i, ϕ^i] iϵ^{ᾱβ̄}F_ᾱ¯_β λ iϵ^{αβ} F_{αβ} H − [ϕ_i, ϕ^i] ψ_i − √ 2ϵ_{ijk}[ϕ^j , ϕ^k] 0 λ_i 0 √ 2ϵ_{ijk}[ϕ^j , ϕ^k] λ̄α 0 0 λ̄α_ī −2iϵαβ D_βϕ_ī −2iDαϕ_ī A^α λ̄^α 0 A^ᾱ 0 ϵ^{ᾱβ̄}λ̄¯_β ϕ_i λ_i ψ_i ϕ¯_i 0 0 H −[λ_i, ϕ^i] [ψ_i, ϕ^i] where we have introduced the auxillary field H

H = iδ^{αβ̄} F_α¯_β (3.20)

to close the algebra off-shell. In particular, note that the above algebra is BRST-like; Q^2(Q̃^2) acting on any field gives zero. Moreover, notice the behaviour of fields under rotation; there is no spin half field. Actually what we have done is an implicit twisting of the theory.

3.1 The supersymmetric action

In this section, we make use of the BRST-like property of the supercharges to supersymmetrize the first part of the Chern-Simons term (2.13). For the second part, this method does not work and we are led to deform the supersymmetry transformations instead. This deformation, however, is done in such a way that the algebra still closes. Let us begin with the Chern-Simons action (2.13) in complex coordinates S_{CS} = α^′ 3! g^2 ∫ C_{ijk} tr ( ϕ^iD^αϕ^jD_αϕ^k − ϕ^iD_αϕ^j D^αϕ^k + 2iϕ^iϕ^j ϕ^kδ^{αβ̄} F_α¯_β ) d^4x , (3.21)

where C_{zz̄ijk} = C_{ww̄ijk} ≡ C_{ijk}. With regard to the BRST characteristic of the supercharge Q, it is not difficult to supersymmetrize the Chern-Simons action. In fact, the bosonic parts can be produced as follows.^2 Let

L_1 = 1 g^2 { Q , i 2 ϵ_{αβ}C_{ijk} tr ( ϕ^iλ̄^{βj} D^αϕ^k − ϕ^iD^αϕ^jλ̄^{βk} )}

= 1 g^2 C_{ijk} tr ( 1 2 ϵ_{αβ} ϕ^i ( λ̄^{βj} [λ̄^α, ϕ^k] + [λ̄^α, ϕ^j ]λ̄^{βk} ) + ϕ^iD^αϕ^j D_αϕ^k − ϕ^iD_αϕ^jD^αϕ^k )

2Fom now on we absorb the factor^{α′}_{3!} appearing in front of the CS action into the C field.

– 8 – and,

L^′_2 = 1 g^2 { Q , − i √ 2 4 C_{ijk}ϵ^{jkl} tr ( ϕ^iψ_lδ^{αβ̄} F_α¯_β )}

= 1 g^2 C_{ijk} tr ( 2iϕ^iϕ^j ϕ^kδ^{αβ̄} F_α¯_β − i √ 2 4 ϵ^{jkl}ϕ^iψ_lD_αλ̄^α ) . (3.22)

Now, we check that {Q, L_1} = 0 , {Q, L^′_2} = 0 , (3.23)

which could also be seen noticing that Q^2 = 0. Furthermore, L_1 is invariant under Q̃; {Q̃, L_1} = 0. However, the problem with L^′_2 is that it is not invariant under Q̃,

{Q̃, L^′_2} ≠ 0 . (3.24)

Therefore, to make the last term in (3.21) supersymmetric under both Q and Q̃, we propose to deform the supersymmetry transformations of ψ and λ as follows:

{Q, ψ} = iδ^{αβ̄} F_α¯_β + [ϕ_i, ϕ^i] + C_{ijk}ϕ^iϕ^jϕ^k (3.25) {Q̃, λ} = iδ^{αβ̄} F_α¯_β − [ϕ_i, ϕ^i] + C_{ijk}ϕ^iϕ^j ϕ^k . (3.26)

With this change, we can easily see that the variation of −2iψD_αλ̄^α (2iϵ_{αβ} λD^αλ̄^β) in L cancels the variation of L_2 = 2i g^2 C_{ijk} tr ( ϕ^iϕ^jϕ^kδ^{αβ̄} F_α¯_β ) (3.27)

under Q(Q̃). Further, since i, j, k . . . run from 1 to 3, note that the C dependent part of the variations of ϕ^i{ψ, λ_i} (ϕ^i{λ, λ_i}) in L vanish: { Q, tr ( ϕ^i{ψ, λ_i} )} = C_{ijk} tr ( ϕ^iϕ^j ϕ^k [λ_l, ϕ^l] ) = 0 { Q̃, tr (ϕ^i{λ, λ_i}) } = C_{ijk} tr ( ϕ^iϕ^j ϕ^k [λ_l, ϕ^l] ) = 0 .

And, as there is no ψ or λ in L_1, the changes we made in (3.25) and (3.26) do not affect the invariance of L_1. Hence we have shown that

L_c ≡ L + L_1 + L_2 , (3.28)

is invariant under both Q and Q̃. Since {Q, ϕ¯_i} = {Q̃, ϕ¯_i} = 0, the new supersymmetry transformations still close on-shell. Moreover, we could have added the term

L_3 = 1 g^2 tr ( C_{ijk}ϕ^iϕ^jϕ^k )_2 , (3.29)

to the lagrangian. This is of course a supersymmetric term, which, as we will shortly discuss, allows us to sum up bosonic parts of the action into a square.

– 9 –

4. Remarks and conclusion

Regarding the deformed supersymmetry transformations, the following remarks are in order. Firstly, let us look at the fixed points locations of the supercharges action. In fact, if we set the variations of ψ and λ to zero we have

iδ^{αβ̄} F_α¯_β + [ϕ_i, ϕ^i] + C_{ijk}ϕ^iϕ^j ϕ^k = 0 (4.1) iδ^{αβ̄} F_α¯_β − [ϕ_i, ϕ^i] + C_{ijk}ϕ^iϕ^j ϕ^k = 0 . (4.2)

However, {Q, ψ_i} = 0 and {Q̃, λ_i} = 0 imply

ϵ_{ijk} [ϕ^j , ϕ^k] = 0 . (4.3)

So, after all, upon combining the above equations we come up with the ordinary instanton equations as the fixed points of the action of the supercharges:

δ^{αβ̄} F_α¯_β = 0 , F_{αβ} = F_ᾱ¯_β = 0 . (4.4)

As a final comment, let us add L_3 in (3.29) to the lagrangian, and look at the variation of the action with respect to the RR field. Since L_1 is a Q-commutator, its variation with respect to C is also a Q-commutator. As for the variation of L_2 and L_3 we get δ δC_{ijk} tr ( 2i C_{mnl} ϕ^mϕ^nϕ^lδ^{αβ̄} F_α¯_β + ( C_{mnl}ϕ^mϕ^nϕ^l )_2) = = 2 3! tr ( ϕ^{[i}ϕ^j ϕ^{k]} ( iδ^{αβ̄} F_α¯_β + C_{mnl}ϕ^mϕ^nϕ^l ))

= 2 3! { Q , tr ( ϕ^{[i}ϕ^j ϕ^{k]} ψ )} (4.5)

the last equality follows because of (3.25), and the fact tr ( ϕ^{[i}ϕ^j ϕ^{k]} [ϕ_l , ϕ^l] ) = 0 . (4.6)

Therefore we observe that the variation of the action with respect to the RR field is a Qcommutator. Assuming that the supersymmetry is not spontaneously broken, (4.5) implies that the partition function is independent of C: δZ δC_{ijk} = −1 3! · g^2 ∫ ⟨{ Q , tr ( 2ϕ^{[i}ϕ^jϕ^{k]} ψ + i 2 ϵ_{αβ} ( ϕ^{[i}λ̄^{βj}D^αϕ^{k]} − ϕ^{[i}D^αϕ^jλ̄^{βk]} ))}⟩ = 0 . (4.7) This is reminiscent of the result obtained in N = 1/2 SYM theory [17].

At the end, let us briefly sum up and conclude. We considered a five-form flux with zero energy momentum tensor, and looked at the (super)symmetries it preserves. We derived the bosonic part of the Chern-Simons action. We then decomposed the lagrangian of N = 4 SYM theory in terms of the representations of SU(2)_R ×SU(3), which is the symmetry group of the background after turning on the flux. Using the BRST property of the unbroken supercharges, together with the deforming of the supersymmetry transformations, we were able to supersymmetrize the Chern-Simons action. The whole action then turned out to have a reduced chiral N = 1/2 supersymmetry.

– 10 –

Acknowledgments I would like to thank R. Abbaspur for useful discussions. References

[1] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

[2] H. Ooguri and C. Vafa, The c-deformation of gluino and non-planar diagrams, Adv. Theor.

Math. Phys. 7 (2003) 53 [hep-th/0302109].

[3] N. Seiberg, Noncommutative superspace, N = 1/2 supersymmetry, field theory and string theory, J. High Energy Phys. 06 (2003) 010 [hep-th/0305248].

[4] R. Casalbuoni, Relativity and supersymmetries, Phys. Lett. B 62 (1976) 49; On the quantization of systems with anticommutating variables, Nuovo Cim. A33 (1976) 115; The classical mechanics for Bose-Fermi systems, Nuovo Cim. A33 (1976) 389.

[5] J.H. Schwarz, and P. van Nieuwenhuizen, Speculations concerning a fermionic structure of space-time, Lett. Nuovo Cim. 34 (1982) 21.

[6] P. Bouwknegt, J.G. McCarthy and P. van Nieuwenhuizen, Fusing the coordinates of quantum superspace, Phys. Lett. B 394 (1997) 82 [hep-th/9611067].

[7] D. Klemm, S. Penati and L. Tamassia, Non(anti)commutative superspace, Class. and Quant.

Grav. 20 (2003) 2905 [hep-th/0104190].

[8] J. de Boer, P.A. Grassi and P. van Nieuwenhuizen, Non-commutative superspace from string theory, Phys. Lett. B 574 (2003) 98 [hep-th/0302078].

[9] R.C. Myers, Dielectric-branes, J. High Energy Phys. 12 (1999) 022 [hep-th/9910053]. [10] I.W. Taylor and M. Van Raamsdonk, Multiple Dp-branes in weak background fields, Nucl.

Phys. B 573 (2000) 703 [hep-th/9910052].

[11] R.R. Metsaev and A.A. Tseytlin, Supersymmetric D3-brane action in AdS_5 × S^5, Phys.

Lett. B 436 (1998) 281 [hep-th/9806095].

[12] R.R. Metsaev, Supersymmetric D3 brane and N = 4 SYM actions in plane wave backgrounds, Nucl. Phys. B 655 (2003) 3 [hep-th/0211178].

[13] M. Billo, M. Frau, I. Pesando and A. Lerda, N = 1/2 gauge theory and its instanton moduli space from open strings in RR background, J. High Energy Phys. 05 (2004) 023 [hep-th/0402160].

[14] E. Witten, Supersymmetric Yang-Mills theory on a four manifold, J. Math. Phys. 35 (1994) 5101 [hep-th/9403195].

[15] A.V. Belitsky, S. Vandoren and P. van Nieuwenhuizen, Yang-Mills and D-instantons, Class.

and Quant. Grav. 17 (2000) 3521 [hep-th/0004186].

[16] J.M. Figueroa-O’Farrill, A. Imaanpur and J.G. McCarthy, Supersymmetry and gauge theory on Calabi-Yau 3-folds, Phys. Lett. B 419 (1998) 167 [hep-th/9709178].

[17] A. Imaanpur, Comments on gluino condensates in N = 1/2 SYM theory, J. High Energy Phys. 12 (2003) 009 [hep-th/0311137].

– 11 –